We study the effects of time delay on the normalized correlation function C ( ) and the associated relaxation time T for a bistable system with correlations between multiplicative and additive white noises under the condition of small time delay. Using the projection operator method, the expressions of T and C ( ) are obtained. Based on numerical computations, it is found that the delay time τ slows down the rate of fluctuation decay of dynamical variable for the presence of positive feedback intensity ( > 0), while speeds up the rate of fluctuation decay of dynamical variable for the presence of negative feedback intensity ( < 0). The effects of the delay time τ on the T and C ( ) are entirely opposite for > 0 and < 0.
Introduction
The behavior of a nonlinear system under the influence of noise have appeared in many fields including bistable systems [1] [2] [3] [4] [5] [6] [7] [8] , laser systems [9, 10] , biological systems [11] [12] [13] [14] [15] , etc. In these works, the effects of time delays on the system are neglected. This is mainly due to the difficulty in analytic methods of treating time-delayed stochastic systems [16] [17] [18] [19] . However, in many physical as well as biological system, time delays play a significant role in the dynamics, such as laser systems with optical feedback [20] , the time-delayed predator-prey-type ecosystem [21] , the time-delayed mutualism system [22] , and so on. In these complex systems, time delays naturally arise in terms of maturation times, and due to the propagation of energy, matter, and information through the systems [23] .
The correlation function and the associated relaxation time are important physical quantities to characterize the statistical behavior of a stochastic process, and hence are usually used to describe the fluctuation behavior of a nonlinear system [24] . Applying the projection operator method, Mei et al. [25, 26] discussed the effects of crosscorrelation on the relaxation time and the correlation function of a bistable system without time delay. Recently the noise-induced dynamics in a bistable system with delay has been studied [27] . Masoller [28] discussed the residence times distribution (RTD) of time-delayed bistable systems driven by additive noise. More recently, the RTD and coherence resonance of a time-delayed bistable sys-tem has been investigated from experimental points of view [29, 30] , and stochastic resonance in a bistable system with time-delayed feedback has also been investigated [31, 32] . However, the effects of time delay on the correlation function and the associated relaxation time of a bistable system with correlations between multiplicative and additive noises was not studied. Therefore, in order to characterize further the effects of time delay on the dynamic properties of a bistable system driven by crosscorrelated noises, the correlation function and the associated relaxation time of a dynamical variable should be considered. In this paper, we study the effects of time delay on the normalized correlation function C ( ) and the associated relaxation time T of the bistable system. In section 2, using the approximative Fokker-Planck equation, the expressions of the normalized correlation function C ( ) and the associated relaxation time T are derived by means of the small time delay approximation and the projection operator method. In section 3, discussions and conclusions end the paper.
Correlation function and associated relaxation time of the bistable system
Consider a time-delayed bistable system with correlations between multiplicative and additive white noises. The system can be described by the following differential equation:
where τ is the delay time and is the feedback intensity, and ξ( ) and η( ) are Gaussian white noises with zero mean and correlations
where D and α denote the strength of the multiplicative and additive noise, respectively. The parameter λ denotes the intensity of the correlations between the multiplicative and additive noise terms. Then Eq. (1) can be transformed into an equivalent Stranovich stochastic delayed differential equation
with
where τ denotes the time-delayed state variable with τ = ( − τ).
To obtain approximate analytic results, the small time delay approximation is employed [16] [17] [18] [19] . Moreover, the stochastic delayed differential equation can be approximately reduced to the ordinary stochastic differential equation. Then the Langevin equation of the time-delayed bistable system can be approximated as
where
and
Thus, the approximate Fokker-Planck equation corresponding to Eq. (1) with Eq. (2) is derived by using the Novikov theorem [33, 34] and the Fox approach [35] . It is as follows [36] :
When the time tends to infinity, the probability distribution function P ( ) is independent of time , i.e. ∂P( )/∂ = 0. From Eqs. (8) and (9), the stationary
Integrating Eq. (11), one has
Here J is a constant of integration, which is independent of . Since P ( ) = 0 when tends to infinity, consequently J = 0. Solving Eq. (12), the stationary probability distribution function P ( ) is obtained:
where the modified potential U( ) reads
for |λ| < 1, and
for λ = ±1. In Eqs. (13) and (15), N and N are normalization constants, and R = α/D is the ratio of the noise intensities. When = 0 and τ = 0, the above results degenerate to Eqs. (14)- (17), as presented in Ref. [36] . The normalization constant N is determined by
Then the expectation values of the th power of the state variable are given by
In a general stochastic process, the correlation function C ( ) and the associated relaxation time T are used to describe the fluctuation decay of dynamical variable in the stationary state. The stationary correlation function is defined as [37, 38] 
where δ ( ) = ( ) − ( ) . The stationary normalized correlation function of the state variable is given by
By virtue of the adjoint operator L + F P of Eq. (9), δ ( + ) can be written as
Thus one can easily rewrite Eq. (20), and obtain the associated Laplace transform
The associated relaxation time is defined as
Obviously, from Eqs. (23) and (24), the associated relaxation time can also be written as
Applying the projection operator method [25, 39] , one can readily obtain the zero-order approximation of the relaxation time:
Likewise, the first-order approximation for the relaxation time is (27) and the first-order approximation of C (ω) is
Using Eqs. (9)- (18), (26) and (29), we have
Performing the inverse Laplace transformation of Eq. (28), one obtains
Eqs. (27) and (34) 
Discussions and conclusions
By virtue of the expressions [Eqs. (27) and (34)] of the relaxation time and the correlation function, the effects of delay time τ on the relaxation time and the correlation function of the system can be analyzed by numerical computations. We have plotted the curves of T and C ( ) in Figs. 1-6 . The conclusions that can be drawn from these figures are as follows.
In Fig. 1 , the relaxation time T is shown as a function of the correlation intensity λ for various values of the feedback intensity . The curves of T − λ are symmetric about the axis λ = 0. T increases as is increased from -0.2 to 0.2, and the position of the peaks slightly shift to a small value of |λ| at the same time, while for a fixed value, T increases with |λ| increasing for the case of weak correlation, and decreases sharply with |λ| increasing for the case of strong correlation, and thus T − λ curve exhibits two peaks. The relaxation time T as a function of the additive noise intensity α is shown in Fig. 3 for various values of the delay time τ. It is clear seen that T increases firstly and then decreases as α increases, exhibiting a single peak structure. T increases as τ increases for the presence of positive feedback intensity ( > 0, see Fig. 3a) , however for the presence of negative feedback intensity ( < 0, see Fig. 3b ), the effects of τ are completely opposite.
In Fig. 4 , the relaxation time T is shown as a function of the the delay time τ for various values of the feedback intensity . When > 0, T increases monotonically as τ increases. On the contrary, when < 0, T decreases monotonically as τ increases. When = 0, T is unchanged as τ increases, which can be more clearly see in Fig. 5 .
The normalized correlation function C ( ) versus the decay time is shown in Fig. 6 for various values of the delay time τ. C ( ) decreases exponentially as the decay time increases. In Fig. 6a , C ( ) increases as τ increases for the case of > 0, but for the case of < 0, C ( ) decreases as τ increases (see Fig. 6b ). Thus, the effects of delay time τ on C ( ) are entirely opposite for > 0 and < 0.
In short, the effects of delay time τ on the T and C ( ) are entirely opposite for > 0 and < 0. In other words, τ slows down the rate of fluctuation decay of a dynamical variable for the presence of positive feedback intensity ( > 0), but for the presence of negative feedback intensity ( < 0), τ speeds up the rate of fluctuation decay of a dynamical variable in the stationary state.
